Fermi acceleration is considered as an underlying mechanism for electron heating in r.f. dis charges, in which the heating arises from the reflection of electrons from moving sheaths. By examining the dynamics of the electron collisions with the sheaths, the map that describes the electron motion is derived. For high frequency discharges (lj/2tt > 50 MHz), the electron motion is shown to be stochastic. By combining these dynamics with collisional effects in the bulk plasma and incorporating self-consistent physical constraints, a self-consistent model of the discharge is developed. The model is used to calculate physically interesting quan tities, such as the electron temperature and average lifetime, and to predict the minimum pressure necessary to sustain the plasma. The distribution of electron energies is shown to be non-Maxwellian. These results can be applied to experimentally interesting parallel plate r.f. plasma discharges to predict the operating conditions necessary for stochasticheating to occur.
Introduction
In this paper we consider the heating of electrons in a radio frequency discharge by high-field, oscillating sheaths. This mechanism, which can be more important than energy transfer in the bulk plasma, has been explored by Godyak and colleagues [1] [2] [3] [4] [5] , and by Akhiezer and Bakai [6, 7] . In these treatments the underlying mechanism for the heating is Fermi acceleration, with the energy change arising from the reflection of the electron from a moving sheath [8] [9] [10] [11] .
It is well known [9] [10] [11] 
that the Fermi acceleration mechanism does not always produce continuous heating, but may, depending on the parameters, lead either to regular oscillations or to stochastic heating. The transition between the two constitutes an energy barrier to the heating of particles. For the purpose of calculating heating rates, Godyak et al and Akhiezer
and Bakai assumed the heating to be stochastic. Furthermore, the sheath was treated in its simplest approximation as an impulsive reflector. As will be seen, the detailed sheath dynamics plays a profound role in determining the heating rates and the boundary between stochastic and regular motion. In contrast, Godyak [2] [2] to a more complicated geometry than the one dimensional system which is considered here. Godyak and Ganna [3] also introduce more plasma detail, such as plasma nonuniformities. However, the full complexity of the plasma-sheath combination, investigated in d.c. discharges [12] , is not employed. In experi mental investigations Popov and Godyak [5] show the general correctness of the notion that the interaction of the electrons with the plasma sheath can serve as the main source of en ergy transfer at low pressures, and Godyak and Oks [13] and the dimensionless position 6 and time r:
The Fermi acceleration dynamics cannot be considered independently of the bulk plasma
In terms of these variables,
d^=~' <3>
Integrating (3) 
6(t) = -/3cos{t + <I>).
Equation (5) • With the substitution of (7) into (6a), the set (6) gives the first order change in velocity and the zero order change in phase which transforms the velocity and phase just before the nth entry into the sheath to that just before the (n + l)st entry:
To insure measure preservation for the Hamiltonian mapping (8) 
Over most of the phase space the last term on the right of (9a) is small and can be dropped,
along with its area preserving counterpart, the last term in (9b). In this approximation the change in velocity in one pass through the sheath is just
Vdc which is the impulse approximation of the Fermi acceleration mapping [8] . This approxima tion has also been used by Godyak and associates [1] [2] [3] [4] [5] [11, 14] As is well known, chaotic motion occurs in this map for K > 1. Thus knowing the value of K gives a measure of the stochasticity in the system.
To get a local approximation of the stochasticity parameter for the mapping (9) , expand about a fixed point (£k, 4>k) of (9) Figure 2 for the same parameters as in Figure 1, 
where AvT is the Hamiltonian velocity change for the period T, and the integral is over all These transformations allow the use of the constant position map (9) to calculate D(fi).
To lowest order, the one dimensional normalized velocity change is
A/x(jz, <j>) = -2/3 sin $.
Thus, we obtain
Since we axe looking for a steady-state solution, we set df/dt = 0 and integrate over \i. In the physical system, there will be a particle flux; electrons are born at low energy through ionization and escape through the sheath at high energy. Thus, in the steady state, (13) becomes T=^j-/(aO =constant, (15) where 
H r =-M --5j7T0(M) =constant, which leads to the distribution

9(M) « where, as before, |/im| is the escape velocity of the electrons. In three dimensions we have the scaling g(y)d3/i = g(£)d£, so
g{£)xVe(l-±-). (is) Figure 4 compares this distribution with a three dimensional Maxwellian distribution of the same average energy. The normalization for both is J g(v)<Pv = 1. The distribution given by equation (18) contains more electrons at both high and low energies than the Maxwellian; this behavior is representative of this distribution, and is independent of the average energy of the distributions. Godyak and Oks [13] have measured a quahtatively similar distribution
for high frequency, low pressure r.f. discharges.
Self-Consistent Model
Thus far the dynamics of a single particle has been examined using a set of arbitrary parameters. By adding physical constraints to the single particle dynamics we obtain a selfconsistent model of the discharge. It is assumed that Vrj, u>, p0l and M, the ion mass, are the control parameters, and the model will be used to determine Vdc1 Te, s0 and ne.
One self-consistency condition is that the rate of ionization must equal the rate of ion loss out of the plasma; that is, <**)j =0.606uB, These results axe shown in Figure 5 for an argon discharge operating at Vrj = 100 volts and u}/2tt = 100 MHz. Figure 5a shows the average electron energy as a function of p0l for this discharge, while Figure 5b shows the corresponding electron density.
We check that these results over this pressure range axe consistent with condition (1) on The colHsion times axe the inverse of the coUision frequencies
where the appropriate cross-section for elastic or inelastic scattering (crc or <rz) is used.
For a typical axgon discharge the time ordering (1) holds in the pressure range 1.0 < p0l < Figure 6 . In the pressure range pQl < In Figure 7b , the numerically determined density is compared to the analytic density obtained using (21) 
mTorr-cm, as shown in
